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D E T E R M I N A C Y  IMPLIES T H A T  
N2 IS S U P E R C O M P A C T  

BY 

HOWARD BECKER 

ABSTRACT 

Assuming the axiom of determinacy, NI and N2 are 8-supercompact, where 8 is 
a fairly large cardinal which will be defined below. 

We work in ZF plus the axiom of dependent  choice. We do not assume the full 

axiom of choice. 

DEFmrnor~. For x a cardinal and A an ordinal, P, (A) is the set of all subsets 

of a of cardinality less than r. A filter ~ on P, (A) is fine if for all 7/less than A, 
{ S E P , ( A ) : ~ E S } E ~ .  A filter ~: on P~(A) is normal if whenever 

G : P, (A)---~ a is a function such that {S : G(S) E S} E ~ then there is an r /such 

that {S : G(S)= 71} E ~ i.e., every choice function on P~ (A) is constant almost 

everywhere. A cardinal r is.)t-supercompact if there is an ultrafilter 0//on P, (A) 

such that 

(1) q/ is K-complete, 
(2) o// is fine, 

(3) ~ is normal. 

If A < A' and r is a ' -supercompact  then it is A-supercompact, and x is 

x-supercompact iff x is measurable. 

Supercompactness has been studied in two different contexts: assuming the 

axiom of choice and assuming the axiom of determinacy (AD). The two subjects 

do not seem to have much in common. Choice implies, among other things, that 

supercompact cardinals are very large; under A D  this is not the case. For 

information on supercompact cardinals, assuming the axiom of choice, see [5], 

[6], or [15]. 
In this paper we will be concerned solely with the choiceless world of AD. For 

information on this axiom, see [12] or [5]; [12] is also the basic reference for all 

unexplained concepts from descriptive set theory that appear here. 
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Let F be the pointclass (~2)LtRl. Then F, A, A, etc. have the usual meaning, 

following [12]. 
Let 8 = (82) Llsj = sup{order type of ~ : ~ is a prewellordering of R and ~ is 

in A}. 

Assuming AD, 6 is rather large. For example, it is a weakly Mahlo cardinal 

but not the first weakly Mahlo cardinal ([8], theorem 3.1). 
The pointclass F has the uniformization property (defined in [12], page 235), 

assuming AD. Assuming AD + V = L[R], there is a relation in I' = I] 2 that 

cannot be uniformized by any function; hence F is the largest class for which 

uniformization can be proved from AD alone. This is the reason for the 

importance of F and 8 in descriptive set theory. For details, see [10]. 

THEOREM 1. (AD; Solovay, Harrington-Kechris [4]). NI is 8-supercompact. 

Theorem 1 is not new. It was first proved by Solovay from ADs. His proof 

involved a game on reals. Harrington and Kechris proved it from AD, by 

proving in AD alone that this particular type of game on reals is determined, and 
then following the Solovay proof. We give a new proof of Theorem 1 here, a 

proof that does not use Solovay's game. This new proof, unlike the original one, 

can be modified to yield the following theorem, which we also prove here. 

THEOREM 2. (AD). ~t2 is 8-supercompact. 

Other work on supercompactness and its applications, assuming AD, can be 
found in the following references: [1], [2], [3], [4] [7], [14], [16]. 

The proofs of Theorems 1 and 2 follow. For the rest of the paper, A D  is 
always assumed. 

For the benefit of the reader unfamiliar with the pointclass F, but familiar with 
the analytical and projective pointclasses, the following remark may be helpful. 

The pointclass F has a structure theory very much like that of X~,,, a theory which 

is explained in great detail in [12]. All structure properties relevant to the proof 

of Theorems 1 and 2 are the same. If we let F = E~, and 8 = 8~._1, rather than 

letting F = (~)Lts~ and 8 = (~)LlSl, then what follows is a proof that ~ and N2 

are ~,_rsupercompact.  

Code ordinals less than 6 by a fixed F-norm on a complete F-set. The ordinal 

encoded by the real z is denoted I z I. The binary relation on reals, x E A(y), is 
transitive, and hence gives rise to A-degrees. There is a countably complete 

ultrafilter oy on the set of A-degrees, namely the filter generated by the cones 
(the Martin measure - -  [9], [12], 7D.17). If d is a A-degree, then let 

A~ = {~ < ~ : (3z E R)(I z l = ~:& z is A-in-d)}. 



Vol. 40, 1981 DETERMINACY IMPLIES N z IS SUPERCOMPACT 231 

Let °//I be the ultrafilter on P,,,(8) obtained from the map d ~, A~ and the 

ultrafilter o//.. 

PROPOSITION 1.1. ql1 is a countably complete llne ultralilter on P,,,(8). 

LEMMA 1.2. °111 is normal. 

PROOF. Suppose not. Let G:P, , (8)---~8 be a choice function that is not 

constant q/ra.e.  Let F : 8 --~Pow(R) be the following function: 

V~ < & x ~ F(~) iff 

(for all A-degrees d)(if x is A-in-d then G(Ad)#  i~). 

Since G is not constant a.e., for all ~, F ( £ ) #  0 .  By the Moschovakis Coding 

Lemma ([11], [12] theorem 7D.5), there is a choice subfunction F' of F such that 

F '  is F-in-the-codes. Let y be a real such that F' is F(y) and let d be the A-degree 

of y. Let s c = G(Aa). Then there is a z E A(y) such that I z I = ¢. Since F' is a F(y) 

relation in R 2, it can be uniformized by a F(y) relation, hence there is an 

x E A ( y )  such that x E F ' ( I z l ) = F ' ( ¢  ). By definition of F, G(Aa)#i~, a 
contradiction. [] 

Theorem 1 of course follows from 1.1 and 1.2. 

REMARK. In 1.2 we actually proved more than was stated. The proof shows 

that any function H from the set of A-degrees into & for which Vd, H(d) E As, is 

constant almost everywhere (in the sense of cones). This is also true for other 

types of degrees, for example A~-degrees. For m even this proof works. For odd 

m a different proof is needed; Harrington-Kechris games [4] are used in place of 

the coding lemma and the uniformization theorem. 

We, now turn to a proof of Theorem 2. Ordinals less that 8 are coded as 

before. But countable ordinals are to be coded by reals in WO, that is by well 

orderings of to. There is then a natural topology on codes for ordinals _-< ~/ 

(71 <~ tol). Codes (reals) can be identified with elements of r~o, and the topology 

on ~/o, is the product topology, taking r/ discrete. This is the topology used to 

collapse r /by  forcing, where neighborhoods are determined by a finite sequence 

of ordinals less than "O (conditions). Expressions such as a "comeager set of 

codes for r /"  refer to this topology. 

For d a A-degree, let 

Bd = {s c < 8 :  (3 countable ordinals r h , "  ", ~k) (for a non-meager (in 

the product space) set of codes Wl ,"  ", wk for 7 h , "  -, r/k) 

(=tz ~ R )  ( [ z [ =  ~ & z is A-in-(d, w l , " ' ,  wk))}. 
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This essentially means that ~ E B~ if ~: has a code which is A in d and generic 

codes for countable ordinals. 

LEMMA 2.1. For all degrees d, card(Bd)<l¢~. 

PROOF. There are only ~11 finite sequences 7/o,..., r/k of countable ordinals. 

For each such sequence there are only countably many basic neighborhoods in 

the space of codes. And since AD implies that every set has the Baire property, 

non-meager is the same as comeager in a neighborhood. So it will suffice to show 

that for any fixed r h , ' .  ', 7/k, and for any fixed neighborhood N = N~ x - .  • × Nk 

in the space of codes for 71~,"., rlk, the following set is countable: 

C = { ~ < 8 :  (for a comeager-in-N set of codes w , ' . . , w k  for 

19,,"- ", "0k) (=lz ~ R) (I z l = ~& z is A-in-(d, w~,. . . ,  WE))}. 

A well ordered union of meager sets is meager - -  this is a consequence of the 

Baire property. So there must be a fixed (i.e., independent of ~) comeager-in-N 

set of codes w~,. •., wk for Tll,' • ", tie such that every element of C has a code A- 

in-(d, w~, . . . ,  wk). Hence C is countable. [] 

Let °Rz be the ultrafilter on PN~(~) obtained from the map d ~ B~ and the 

ultrafilter °V. 

PROPOSmON 2.2. °ll~ is a countably complete fine ultrafilter on P,2(8). 

Thus we know that q/z is Nrcomplete; but we must show that it is Nz-complete. 

Call a filter ~ on PK (A) very fine if for any T E PK (A), {S E PK (A) : T C S} E ~. 

PROPOSITION 2.3. Let °ll be an ultrafilter on P, (A). I[ °ll is normal and very fine 
then all is ~-complete. 

LEMMA 2.4. q12 is very fine. 

PROOF. Let T E PN2(8). Let f : to1 --> T be a surjection. By the coding lemma, 

f is F, say F(y) for y ~ R .  Now for any rl < to~ and any code w for 77, there is a 

code for f(r/)  that is A(y, w). This uses the uniformization theorem for F(y). 

Therefore if y is A-in-d, then by definition of B~, for any r / <  to,, f ( ~ ) E  Ba. So 
T C B~ for a cone of degrees d. [] 

In light of 2.2-2.4, all that remains to be proved is that q/2 is normal. The proof 

of this (2.6, below) is similar to the proof of 1.2; the idea of 1.2 will be combined 

with an idea used by Solovay in his orginal proof that •2 is measurable ([5], 
theorem 103b). 
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LEUMA 2.5. Vy ~ R, V r / <  toj, there is a comeager set of codes w [or 71 such 

that if d and d' are the A-degrees o[ y and (y, w), then Bd = Be,. 

PROOF. Suppose not, and let y, 7/ be a counterexample. Clearly B~ C Bn,, so 

for a non-meager set of codes w for rt, there is a ~, E B~,~,o\B~, where d'(w) is 

the degree of (y, w). Since a well ordered union of meager sets is meager, there is 

a fixed ~ such that ~ = srw for a non-meager set of w's. Using this fact again, 

applied to the definition of B~.~wj, there must be a fixed r/i, • • ", r/k that works for 

a non-meager set of w's. That is, there exist countable ordinals 711," -, r/k such 

that: 

(For a non-meager set of codes w for 7/) (for a non-meager (in the 

k-dimensional product space) set of codes w t , "  ", wk for r / i , ' '  ", r/k) 

(::IZ E R)(( Z l = ~5 & Z is A-in-(y, w, wt , '"  ", WE)). 

By the Kuratowski-Ulam theorem [13] (essentially the Product Lemma in 

forcing), this is equivalent to: 

(For a non-meager (in the k + 1-dimensional product space) set of 

codes w, wl , . ' . ,w~ for r / , r h , ' ' ' , r / k )  ( 3 z E R )  ( I z [ = ~  & z is 

A-in-(y, w, wl, • • ", wk)). 

So by definition of B~, ~ ~ Bd, a contradiction. [] 

LEMMA 2.6. °ll2 is normal. 

PROOF. Following the proof of 1.2, suppose not, let G:P,,2(8)---}8 be a 

choice function that is not constant q/z-a.e., and let F :6 - ->Pow(R)  be the 

function: 

V~ < & x E F(~) iff (for all A-degrees d) (if x is A-in-d then G (Ba) # ~). 

Let y E R, let F' be a choice subfunction of F in F(y), and let d be theA-degree 

of y. Let ~ = G(Bd). Then there are r h , . . . ,  r/k < Ol such that for a non-meager 

set of codes w~, • •., Wk for r h, • •., r/k, 

(*) (3z  E R)([ z[ = ~& z is A-in-(d, w l , "  ", wk)). 

Using Lemma 2.5 k times, there exist codes w l , "  ", wk for r h , "  -, r/k which 

satisfy (*) and such that Be = B~,, where d' is the degree of (y, w~, . . . ,  wk). Since 

there is a z E A(y, w t , . . . , w k )  such that [z[=~, as in 1.2 there is an 

x E A ( y ,  w l , . . ' ,wk)  such that x E F ' ( I z I ) = F ' ( ~ ) .  By definition of F, 

G(B~,) # ~. But this contradicts the fact that B~, = B~ and G(B~) = ~. [] 

This completes the proof of Theorem 2. 
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The  obv ious  ques t ion  posed  by  these  t h e o r e m s  is w he the r  the re  a re  any  more  

s u p e r c o m p a c t  cardinals .  The  next  cand ida t e  is No+l, s ince the  N , ' s  (n _---3) a re  

s ingular .  T h e r e  a re  many  card ina l s  K such that  K and  r ÷ are  bo th  measu rab l e ,  

and  this  impl ies  tha t  K is K*-supercompac t .  (This  is d u e  to  Mar t in ;  see  [2]). I t  is 

open  w h e t h e r  the re  is any  x > N2 such tha t  K is K*÷-supercompact .  T h e  obs tac le  

to  gene ra l i z ing  the  p roo f  in this  p a p e r  is the  use of  gener ic  codes  for  coun tab le  

ord ina ls .  Kechr i s  and  W o o d i n  [7] have  recen t ly  d i scovered  a type  of  " g e n e r i c "  

code  for  u n c o u n t a b l e  ord ina ls .  U n f o r t u n a t e l y ,  the  K e c h r i s - W o o d i n  codes  do  not  

have  the  p r o p e r t y  that  a well  o r d e r e d  un ion  of m e a g e r  sets  is meage r ,  so the  

p r o o f  of  T h e o r e m  2 given he re  does  not  s eem to genera l ize .  
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